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Abstract – We investigate a self-organized swimmer at low Reynolds numbers. The microscopic
swimmer is composed of three spheres that are connected by two identical active linker arms.
Each linker arm contains molecular motors and elastic elements and can oscillate spontaneously.
We ﬁnd that such a system immersed in a viscous ﬂuid can self-organize into a state of directed
swimming. The swimmer provides a simple system to study important aspects of the swimming
of micro-organisms.
c EPLA, 2008
Copyright 

Introduction. – Micro-organisms often use ﬂagella
or cilia to move autonomously in an aqueous environment [1]. In eukaryotes these hair-like appendages are
internally driven by molecular motors. The motors set
the appendage into oscillatory motion leading to twoor three-dimensional beating patterns, which propel the
organism. Due to the complicated structure of cilia and
ﬂagella, our understanding of swimming through these
internally driven ﬁlaments is still far from being complete.
This holds even more for eﬀects caused by hydrodynamic
interactions between swimming micro-organisms, which
can lead to turbulent motion in bacterial suspensions [2]
or to the formation of vortex arrays for ensembles of spermatozoa [3]. In the latter case, the ﬂagella propelling the
spermatozoa have been observed to beat synchronously.
Synchronous beating can lead to metachronal waves [4]
which are of biological importance for the swimming of
the single-celled freshwater ciliate paramecium or the
transport of mucus in our lungs.
Physical studies of the swimming of micro-organisms
have focused on the motion resulting from a given
sequence of shape changes. As the Reynolds numbers
associated with the ﬂow generated by such swimmers
are low, inertial eﬀects do not play a role. Consequently,
swimming requires shape changes of more than one degree
of freedom [5]. Diﬀerent swimmer geometries have been
considered in this context, see, for example, refs. [5–10]
the simplest being probably the swimmer introduced by
Najaﬁ and Golestanian [9,11–13], which consists of three
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Fig. 1: a) Schematic representation of the three-sphere system.
b) Schematic representation of the dynamic linker element. It
consists of a ﬁlament, a motor ﬁlament, and a linear spring with
elastic modulus K. Motors bind to the ﬁlament with rate ωb
and unbind it with rate ωu . Motors bound to the ﬁlament move
with velocity v so as to shorten the linker length x. Motors
are connected to the backbone by springs of stiﬀness k and
extension y along the x -axis.

lined-up spheres with periodically varying distances, see
ﬁg. 1a.
The mechanisms underlying these shape changes,
however, have received less attention in the physical
community. Exceptions are provided by works on the
oscillatory beating of ﬂagella [14–16]. There, the periodic
motion is assumed to be generated by spontaneous
mechanical oscillations of molecular motors coupled to
elastic elements [17,18]. Combining the action of motor
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molecules and the bending elasticity of a ﬂagellum, wave
patterns similar to those observed experimentally are
+
generated [14–16].
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In this work, we introduce a simple dynamical system
consisting of three spheres that are arranged in a line and
xl
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xl
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cular motors and elastic elements and their length can
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oscillate spontaneously. While the swimmer is symmetric
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with respect to space-inversion the system can dynamically break this symmetry and spontaneously swim direc110
tionally. We investigate the system’s bifurcation diagram
~
~
~
~
20 40 60 t 110 112 xl 20 40 60 t 110 112 xl
and provide evidence that the transition to directional
swimming shares striking similarities to transitions occur- Fig. 2: a) Schematic representation of possible orbits in the
ing in integrate-and-ﬁre neurons.
(xl , xr )-plane of periodic motions of the three-sphere system.
The active three-sphere swimmer. – Consider Left: reciprocal motion, middle: non-reciprocal motion with
three spheres, each of radius R moving in a ﬂuid of viscos- x̄s = 0, right: non-reciprocal motion with x̄s = 0. b), c) Left and
right linker length as a function of time in the non-swimming
ity η along the x -axis, with neighboring spheres being
state O1 , see ﬁg. 4, with ξ  ξs and d), e) in the swimming
linked by elements as illustrated in ﬁg. 1b. Their struc- state Sw with ξ  ξ . Other parameters as in ﬁg. 3.
s
ture resembles that of sarcomeres, which are the elementary force generating units of skeletal muscle, and consist
of motors moving along a polar ﬁlament combined with
and retaining leading-order terms only. In lowest order,
a linear spring. Such structures are known to be able to
this corresponds to neglecting hydrodynamic interactions
oscillate spontaneously [18], a phenomenon that has been
between diﬀerent spheres. In this case, C(xl , xr ) = 0,
observed experimentally for muscle sarcomeres [19]. Before
implying that hydrodynamic interactions are essential for
investigating the dynamics of the three actively linked
swimming of the three-sphere system.
spheres, let us ﬁrst describe the three-sphere swimmer
If motion is reciprocal, that is, if the corresponding
with externally imposed changed of the spheres’ mutual
curve in the (xl , xr )-plane retraces itself, then x̄s = 0 illusdistances.
trating Purcell’s Scallop theorem, see ﬁg. 2a, left. Note,
The three spheres are located at positions xi , i = 1, 2, 3
that a trajectory which is invariant under the exchange of
along the x -axis. At low Reynolds numbers, the forces fj
left and right, i.e., space inversion, is necessarily reciproacting on sphere j with j = 1, 2, 3 result in velocities ẋi
cal. Examples of other periodic motions with vanishing net
according to [20]
displacement are given by xl (t) = xr (t + T /2), see ﬁg. 2a,

middle. These solutions are invariant under space inverẋi =
Hij fj .
(1)
sion and a simultaneous shift in time by T /2. A simple
j
form of xl and xr with x̄s = 0 was proposed by Najaﬁ and
Golestanian
[9], see ﬁg. 2a, right.
Here, the mobility tensor H depends on the ﬂuid’s viscosWe
now
describe
the dynamics of the linker elements
ity, the size of the spheres, as well as the distances between
depicted
in
ﬁg.
1b,
consisting
of motors and elastic compothem, and satisﬁes Hij = Hji . Using eq. (1) as well as
nents.
Similar
systems
have
been
studied in the contexts
the global force balance equation f1 + f2 + f3 = 0, the
of
spontaneous
spindle
[21]
and
muscle
oscillations [22].
velocity of the center of mass of the system, dxs /dt ≡
A
linker
element
consists
of
motors
moving
directionally
ẋs = (ẋ1 + ẋ2 + ẋ3 )/3, can be expressed in terms of the
along
a
polar
ﬁlament
and
a
linear
spring
of stiﬀness
distances between the middle and the outer spheres, xl
K.
The
motors
are
attached
to
a
common
backbone
by
and xr , respectively. For periodically varying distances,
springs
of
stiﬀness
k
and
extension
y.
In
a
sarcomere,
one ﬁnds for the displacement x̄s after one period T,
the motors would be ensembles of myosin II that move
 T

on an actin ﬁlament, while elastic elements are provided
x̄s =
ẋs dt =
C(xl , xr ) dxl ∧ dxr ,
(2) by various structural elements, e.g., the protein titin.
O
0
Motors bound to the ﬁlament move such that the linker
where O denotes the oriented surface encircled in the shortens. An unbound motor binds to the ﬁlament at rate
(xl , xr )-plane during one period of the motion, see ﬁg. 2a ωb . Attached motors unbind from the ﬁlament at rate
and also refs. [5,7]. In this expression, C is a ﬁeld with ωu . These rates generally depend on the force applied
C(xl , xr ) = C(xr , xl ) that only depends on the mobility to the motor. We assume that the force dependence is
tensor H. Thus the displacement is independent of restricted to the unbinding rate. Motivated by Kramers’
the oscillation period. For the calculation of C, it is rate theory we write ωu = ωu0 exp{|f | a/kB T }, where
convenient to employ the Oseen approximation, which f = k y and a is a microscopic length scale. Also the
consists in expanding H in terms of R/xl and R/xr velocity of bound motors depends on the applied force.
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For simplicity, we assume a linear force-velocity relation
v(f ) = v0 (1 − f /f0 ). Here, f0 is the stall force and v0 the
velocity of an unloaded motor.
The dynamic equation for the length x of the linker
element connecting two spheres, say 1 and 2, x = x2 − x1 ,
is given by eq. (1), where the force fj on sphere j is the sum
of the elastic and the motor forces generated by the linker.
The elastic force fe is given by fe = −K(x − L0 ) with
L0 being the spring’s rest length. To calculate the force
exerted by the motors, fm , consider ﬁrst a single motor
bound to the polar ﬁlament. If yn denotes the extension
of the spring linking this motor to the backbone then the
force it exerts is −kyn . The value of yn changes according
to
(3)
ẏn = vn + ẋ,
where vn is the velocity of this motoron the ﬁlament.
N
The total motor force then is fm = −k n=1 σn yn . Here,
N is the overall number of motors and σn = 1 if motor
n is bound and 0, otherwise. We employ a mean-ﬁeld
approximation, which consists in assuming that all bound
motors have the same spring extension, yn = y for all n.
We determine the mean position by the product of the
average motor speed multiplied with the average time they
stay attached, y = ẏ/ωu . For unbound motors, we assume
fast relaxation, such that their distribution equals the
equilibrium distribution implying y = 0 for these motors.
Under these conditions, the fraction Q of bound motors
evolves according to [21]
Q̇ = ωb − (ωb + ωu ) Q,

(4)

while the total motor force is
fm = −N (x) Q k y.

(5)

Here, N (x) = (f + m − x)/∆ is the number of motors in
the overlap region of the ﬁlament and the motor backbone
of lengths f and m , respectively, and ∆ is the distance
on the backbone between adjacent motors.
Before considering the active three-sphere swimmer, let
us present the dynamics of two actively linked spheres. The
dynamic equations for this system are given by eqs. (1),
(3)–(5), where the forces on the spheres 1 and 2 are
f1 = −f2 = −fe − fm . To lowest order the Oseen expansion
of H gives H11 = H22 = (6 π η R)−1 , and H12 = 0. Hii is
the Stokes friction of an isolated sphere. In dimensionless
form, the equations of motion read
ξ x̃˙ = −2 · [N (x̃) Q κ ỹ + x̃ − L] ≡ −2 F (x̃, Q, ỹ),

(6)

Q̇ = 1 − [1 + ω(ỹ)] · Q,

(7)

x̃˙ = ỹ · [ω(ỹ) + γ] − 1,

(8)

The equations have a stationary state (x̃0 , Q0 , ỹ0 ). For
suﬃciently short times, a small perturbation δ x̃, δQ, δ ỹ
will evolve as δ x̃(t) ∝ exp(st) and analogously for δQ and
δ ỹ. It grows if (s) > 0. This condition can be expressed in
terms of the system parameters1 and implies y0 ωu (y0 ) >
ωb + ωu (y0 ). The force dependence of the binding kinetics
is thus essential for an instability of the stationary state.
The system oscillates if (s) = 0 at the instability. This
implies Q0 k y0 < K ∆, that is, the increase of the motor
force by adding one motor in the overlap region needs to
be smaller than the corresponding increase of the restoring
force by the elastic element to produce an oscillatory
instability.
The oscillation mechanism can be understood intuitively as follows: As the motors shorten the linker, the
elastic restoring forces increases and, therefore, the force
on the motors. This in turn increases the unbinding rate of
motors. When a few motors detach from the ﬁlament, the
remaining motors experience an even higher force, such
that an avalanche of motor unbinding events occurs. The
elastic element then stretches the linker and the motors
rebind, repeating the cycle.
This behaviour shares similarities with the dynamics of
integrate-and-ﬁre model neurons [23]. There, the electric
membrane potential of a neuron increases monotonically
as a consequence of an input current. Upon reaching
a threshold value, the potential is instantaneously reset
and the loading process restarts. In the case of the
linker element, the mechanical analog of neuron’s electric
potential is the internal stress of the linker. Loading occurs
through the action of motors and resetting is accomplished
by the spring K after a detachment avalanche of the
motors.
Let us now return to the three-sphere system, see
ﬁg. 1, where the spheres are connected by dynamic linker
elements. The forces acting on the three spheres are
l
r
, f2 = −f1 − f3 , and f3 = fer + fm
, where the
f1 = −fel − fm
superscripts l and r distinguish between the left and the
right linker, respectively.
As we have seen above, hydrodynamic interactions
between diﬀerent spheres are essential for swimming of
a three-sphere system. Compared to the two-sphere case,
we thus now expand the mobility tensor to the next
higher order. This leads to Hii = (6 π η R)−1 , i = 1, 2, 3,
H12 = (4 π η R)−1 R/xl , H23 = (4 π η R)−1 R/xr , and H13 =
(4 π η R)−1 R/(xl + xr ). The equations of motion are then
given by eqs. (7) and (8) respectively for the left and right
part of the swimmer. Equation (6) is replaced by


3r
ξ x̃˙ l,r =
− 2 F (x̃l,r , Ql,r , ỹl,r )
x̃l,r
 
 
3r
1
1
1
+
− −
+ 1 F (x̃r,l , Qr,l , ỹr,l )
2 x̃l + x̃r x̃l x̃r
(9)

where the dimensionless parameters are given by
ξ = 6πηR ωb /K, L = L0 ωb /v0 , κ = k/K, ω = ωu /ωb and
1 The instability occurs at ξ(1 + ω(ỹ)) + 1 − Qκỹ ∆
˜ + [N (x̃)Qκ
γ = kv0 /(f0 ωb ). Furthermore, x̃ = xωb /v0 and ỹ = yωb /v0 , (1 + ω(ỹ) − ỹω (ỹ)]/[ω(ỹ) + ỹω (ỹ) + γ] = 0, with ∆
˜ = v0 /∆ωb . Here,
x̃, Q and ỹ are taken in the stationary state.
while time has been rescaled by ωb .
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Fig. 3: State diagram of the dynamic three-sphere swimmer.
For ξ > ξ1 the system is stationary. Filled diamonds indicate
the mean velocity of the swimmer’s center of mass. For
ξs < ξ < ξ1 it oscillates, but does not move on average, vs = 0.
For ξ < ξs , vs > 0. Crosses indicate the relative phase between
the oscillations of the two linker elements. Equations (7)–(9)
were solved numerically with L = 137.5, κ = 400, ω0 = 0.5,
˜ = 0.16 and r = 11.
γ = 9.1, ∆

Fig. 4: Bifurcation scenario represented by the linker amplitude x̃max for varying parameter ξ. Solid and dotted lines
indicate stable, dashed lines unstable states. For ξ < ξ1 the
stationary state St becomes unstable via a Hopf bifurcation.
The emerging oscillatory state O1 loses stability at ξ = ξs and
the swimming solution Sw (dotted line) appears. Furthermore,
at ξ = ξ2 , a second oscillatory Hopf mode O2 appears. Inset:
Representation of the swimming bifurcation in terms of the
L2 -norm (see text).

with r = Rωb /v0 . As before, the dynamic equations are
invariant under space inversion, i.e., exchange of left and
right.
Figure 3 summarizes the three-sphere system’s behavior
with the active linker elements as the parameter ξ is
changed. This can be achieved, for example, by changing
the viscosity of the surrounding ﬂuid or the binding rate
of the motors. Having ξ > ξ1 , the system settles into a
stationary state. For ξ < ξ1 , the linkers spontaneously
oscillate in length. The oscillations of the two linker
elements are identical but shifted with respect to each
other by half a period. As is illustrated in ﬁg. 2b, c,
this symmetry implies that, for low Reynolds numbers,
the swimmer’s center of mass xs remains stationary on
average. There is a second critical value ξs , at which the
relative phase shift between the two oscillating linkers Φ
starts to deviate from half a period, such that the system
spontaneously swims if ξ < ξs . In contrast, the form of
the oscillatory motion of each of the two linker elements
essentially does not change. By dynamically breaking the
space-inversion symmetry, the corresponding orbit in the
(xl , xr )-plane is not symmetric with respect to the line
xl = xr , see ﬁg. 2d, e, hydrodynamic interactions allow in
average for directed motion of the three-sphere system.
Decreasing the value of ξ further speeds up the swimmer. The increase in the swimming velocity is the consequence of two eﬀects. On the one hand, the relative phase
shift gets larger and, on the other hand, the amplitude
of the oscillation increases, both leading to larger areas
encircled by the orbit in the (xl , xr )-plane. For still lower
viscosities one expects eventually a decrease in the velocity
such that swimming stops at ξ = 0. The dynamic equations

presented here do not capture this eﬀect as their applicability is restricted to the regime of low Reynolds numbers.
By the symmetry of the swimmer, with each moving
state coexists a state moving into the opposite direction.
The actual direction of motion is determined by the initial
conditions. Let us also note that changing the parameters
γ or r can also lead to transitions from the stationary
to the non-swimming oscillatory state or from the nonswimming oscillatory to the swimming state. We did
not ﬁnd two subsequent bifurcations leading from the
stationary to the swimming state, though.
We will now take a closer look at the swimming
transition. The bifurcation diagram of the swimmer in
terms of the oscillation amplitude x̃max is presented in
ﬁg. 4. The stationary state St loses stability through a
supercritical Hopf bifurcation at ξ = ξ1 . The newly generated oscillatory state O1 satisﬁes x̃l (t̃) = x̃r (t̃ + T /2),
where T is the dimensionless oscillation period. At
ξ = ξs , O1 loses stability through a pitchfork bifurcation,
see ﬁg. 3, resulting in the swimming state Sw. Here,
x̃l (t̃) = x̃r (t̃ + φ), where the relative phase φ = T /2. For
ξ < ξs , the states O1 and Sw have almost the same
amplitude. Therefore, we display in the inset of ﬁg. 4 a
representation of the bifurcation in terms of the L2 -norm,
T
T −1 0 dt̃ x̃2l + x̃2r + Q2l + Q2r + ỹl2 + ỹr2 . For a similar
value of ξ a second non-swimming state O2 bifurcates
from the stationary state at ξ = ξ2 . This state, which is
unstable for all values of ξ, satisﬁes x̃l (t̃) = x̃r (t̃).
The appearance of the state O2 together with an
inspection of the corresponding isotropy lattice might
suggest mode interaction to be at the origin of the
symmetry transition. However, the frequencies of O1 and
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O2 are diﬀerent at ξs , which argues strongly against mode
interaction.
While we are currently lacking a thorough understanding of the swimming transition, we would like to point
out that this transition is reminiscent of a phenomenon
occuring for two coupled integrate-and-ﬁre neurons [24].
The membrane potential of an integrate-and-ﬁre neuron is
increased at a constant rate and resetted when a certain
threshold voltage is reached. Upon resetting, the neuron
sends an electric pulse to other neurons it is connected
to and inﬂuences their membrane potentials. For broad
pulses, the two coupled neurons settle into a state in which
they ﬁre periodically with a relative phase shift of half
the period. For short enough pulses, however, this state
is unstable and a new value of the phase-shift is generated [24]. For the swimmer, in analogy to the electrical
pulses for the neurons, mechanical pulses are transmitted
between the two linkers. A mechanical pulse is released by
one linker when it relaxes as a consequence of a detachment avalanche of the motors. In that case, the duration of
the pulse changes, because of alterations of the duration of
the linkers expansion phase that eﬀectively transmitts the
mechanical pulse. Decreasing ξ leads to faster stretching of
the linkers. In terms of physical parameters, decreasing ξ
either corresponds to reducing friction forces on the beads,
to decreasing the binding rate of motors, or to strengthening the elastic elements. As for the two-neuron system,
a sharper pulse can be suﬃcient to cause dephasing [25],
which implies swimming.
The equations of motion (7)–(9) are of the form of a
singularly perturbed system with ξ as the small parameter.
Such systems are known to present strong deformations
of a limit cycle close to a Hopf bifurcation, where the
deformation occurs for exponentially small parameter
changes [26]. In certain parameter regions, we indeed ﬁnd
that the Hopf bifurcation is followed by such a deformation
which is called a Canard explosion. Accompanying with
the Canard phenomenon, we ﬁnd also excitable dynamics
for the swimmer.
In addition to the Canard explosion, the singularly
perturbed system (7)–(9) shows dynamic behavior that
is reminiscent of the dynamics associated with global
bifurcations. In this case, the spontaneous oscillations of
the linker are still generated by a Hopf bifurcation. The
dynamics close to the bifurcation, however, shows characteristics of the dynamics close to a saddle-node inﬁnite
period bifurcation (SNIPER). A SNIPER bifurcation is
characterized by two ﬁxed points, a saddle and a node,
that collide, which leads to oscillations around a third,
unaﬀected ﬁxed point, namely, an unstable node [27]. In
the present case, this limit cycle is symmetric with respect
to space-inversion. When decreasing the control parameter ξ further, the limit cycle splits up into two limit cycles
that are mirror images of each other upon space inversion.
This transition is similar to an anti-gluing bifurcation [28].
A detailed analysis of these bifurcations will be given
elsewhere.

Discussion. – In this work, we have presented a simple
self-organized swimmer. It consists of three aligned spheres
connected by active linker elements that can oscillate
spontaneously. By decreasing the dimensionless parameter ξ below a critical value, which can be achieved either
by reducing the viscosity of the surrounding liquid or the
motors’ binding rate or by increasing the stiﬀness K of
the elastic element, the system oscillates spontaneously.
While this state is not associated with an average displacement, a subsequent bifurcation encountered when decreasing ξ further, leads to directed swimming. Changing other
system parameters can either lead to spontaneous oscillations or to swimming but has not been found to induce
both transitions subsequently.
Could the self-organized three-sphere be realized experimentally? One approach could be based on muscle sarcomeres as linker elements. As mentioned above, sarcomeres
can oscillate spontaneously [19]. Using parameter values
appropriate for sarcomeres2 and assuming that they link
spheres with a diameter of R = 0.1 µm, we ﬁnd swimming
velocities on the order of vs ≈ 1 µm/min. This has to be
compared to the diﬀusion constant. For a sphere with a
diameter of 0.1µm we ﬁnd in water at room temperature D ≈ 2 µm2 /s. On a distance comparable to the swimmer size L ≈ 3 µm, diﬀusion thus dominates the motion
Lvs /D = 0.025. In order to reach bigger swimming speeds,
the oscillation frequency could be increased. To this end
stiﬀer springs and stronger motors would be necessary.
Another way to increase the swimming speed would be
through modiﬁcations of the swimmer design. For example, it has been argued that the pushmepullyou swimmer [10] is faster than the three-sphere swimmer.
Our self-organized swimmer can be used to study
the eﬀects of hydrodynamic coupling between microswimmers. So far, studies of this subject have largely
neglected the mechanism used by micro-swimmers to
generate the shape changes necessary for swimming.
Preliminary results suggest interesting synchronization
eﬀects that greatly alter the system’s behavior compared
to swimmers with ﬁxed sequences of shape changes.
Obviously, it would also be interesting to extend our
approach to study the dynamics of cilia and ﬂagella.
∗∗∗
We thank A. Hilfinger and E. M. Nicola for useful
discussions.
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